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Abstract

We consider Schrodinger operators in R”, n = 3, 4, with electric potentials
V and magnetic potentials A being periodic functions (with a common period
lattice), and prove absolute continuity of the spectrum of the operators in
question when A € H;! (R"; R"),2q > n — 1, and when the function |V | has
relative bound zero with respect to the free Schrodinger operator —A in the
sense of quadratic forms if n = 3 and the electric potential V has relative bound
zero with respect to the operator —A if n = 4.

PACS numbers: 02.30.Jr, 02.30.Tb, 71.20.—b
Mathematics Subject Classification: 35P05

In this paper we deal with the problem of absolute continuity of the spectrum of the periodic
Schrodinger operator

R n . 3 2
H(A,V):Z(—lg—Aj) +V (1)

j=1 /

acting on L2(R"), n > 2, where the electric potential V : R” — R and the magnetic potential
A : R" — R" are periodic functions with a common period lattice A C R". The Schrodinger
operator (1) (for n = 3 and A = 0) plays an important role in the quantum solid state theory
(see, e.g., [1, 2]). The spectrum of the operator H (A, V) has a band-gap structure and absolute
continuity of the spectrum implies the absence of eigenvalues (of infinite multiplicity) hence
the spectral bands do not collapse into a point (see [2, 3]). The first result on absolute continuity
of the spectrum of the Schrodinger operator (1) was obtained by Thomas in [4] for periodic
electric potentials V € LIZOC(R3) (and A = 0). In the last decade many papers were devoted
to the problem of finding conditions on the electric potential V and the magnetic potential A
which ensure absolute continuity of the spectrum. A survey on this subject is given in [5, 6].
The main results of the present paper are formulated in theorems 0.1 and 0.2. In particular,
theorem 0.1 implies absolute continuity of the spectrum of operator (1) in the case n = 3 if the
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function |V| has relative bound zero with respect to the free Schrodinger operator ﬁo =—A
in the sense of quadratic forms and A € H_(R*; R*), ¢ > 1.

Let K be the fundamental domain of the lattice A, A* the reciprocal lattice with the basis
vectors E* satisfying the conditions (E* E;) = §j;, where {E;} is the basis in the lattice A
and §; is the Kronecker delta. We denote by HY(R"; C™), m € N, the Sobolev class of order
g > 0. Let Ha (K; C™) be the set of functions ¢: K — (C’” whose A-periodic extensions
belong to H! (R"; C"); H1(R") = HY(R"; C), HY R" = HY (R"; C). In what follows, the
functions defined on the fundamental domain K will also be identified with their A-periodic
extensions to all of R".

A function W : R" — C is said to be bounded with respect to the operator Hy=—A
with the domain D(Hy) = H*(R") if W¢ € L>(R") for ¢ € H*(R") and there exist numbers
g > 0and C,; > 0 such that

Wl < & Hopll> + C2 o |I” (2)
forall¢ € H*(R"). The infimum of numbers ¢ in estimate (2) is called the relative bound of the
function W with respect to the operator Hy and will be denoted by bop(W). If Wlo|> € L'(R")
forgp € H I(R") and there are numbers ¢ > 0 and C, > 0 such that

n
e
j=1

for all ¢ € H'(R™), then the function W is said to be Flo-form bounded (or bounded with
respect to the operator ﬁo in the sense of quadratic forms). The infimum of numbers ¢ in
estimate (3) is called the relative Flo-form bound of the function ¥V and will be denoted by
biorm(W). If a function W is bounded with respect to the operator ﬁo, then it is ﬁo—form
bounded and bgorm (W) < bop (W) (moreover, in estimate (3), we can choose the same numbers
e and C, as in estimate (2)).

In the following, we shall consider potentials V and A such that bso, (V) < 1 and
btorm(]A|?) = 0. Under these conditions the quadratic form
WA, Vig,¢) =

(o)
—i— —A;
= 8)6.,'

with the domain Q(W (4, V; -, ) = H'(R") c L*(R") is closed and bounded from below.
By the KLMN theorem (see, e.g., [7]), the form W(A, V; -, -) generates the self-adjoint
operator (1) with some domain D(H (A, V)) C H'(R").

The following two theorems are the main results of this paper.

Theorem 0.1. Letn =3 andlet V : R* — Rand A : R® — R be the periodic functions
with a common perlod lattice A C R3. Suppose that the function |V | is HO -form bounded
and A € H1 (K; R ) for some q > 1. Then, there exists a number C®(A) € (0, 1) such that
under the condition by (|V]) < CP(A) the spectrum of the periodic Schriodinger operator
(1) is absolutely continuous.

2
Wipl* dx| < — | +C.lpl? 3)

R”

n

2
+/ Vig|*dx, ¢ € H'(R"),

Theorem 0.2. Letn = 4 andlet V : R* — R and A : R* — R* be the periodic functions
with a common period lattice A C R*. Suppose that the electric potential V is bounded with
respect to the operator ﬁo and A € HY (K;RY for some g > 3/2. Then, there exists a
number C® (A) € (0, 1) such that under the condition bp(V) < C @ (A) the spectrum of the
periodic Schrodinger operator (1) is absolutely continuous.

We let
¢y = v '(K) / ¢ (x) e N0 dy, N € A%,
K
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denote the Fourier coefficients of functions ¢ € L'(K; C™), m € N, where v(-) is the Lebesgue
measure on R".

Remark 1. In theorems 0.1 and 0.2 we can choose more general classes of magnetic potentials
A which contain potentials A € H1(K; R"),2q > n — 1. Letn > 3. For vectors x € R"\{0}
we shall use the notation

St Ees @ x) =0},

where $"! = {y € R" : |y| = 1}. Let B(R) be the collection of Borel subsets O C R, 901 the
set of even signed Borel measures i : B(R) — R and 90, the set of measures € 991 such
that

/ e du(t) =1
R

for all p € (—h, h), h > 0. In particular, the sets 97, contain the Dirac measure §(-). Fix a
vector y € A\{0}. Denote by A, (n, A) the class of magnetic potentials A € L?*(K; R") that
obey the following two conditions (see [8]):

(1,)) the map

R" 5 x — {[0, 1] 3§ — A(x — &)} € L*([0, 1]; R")

is continuous;
(2,) there is a measure p € 9, (for some 4 > 0) such that

T
Iyl

where Ag = v ! (K) f x A(x) dx (and |.| denotes the Euclidean norm on R™).

Theorems 0.1 and 0.2 are also valid if A € A,(n, A) for some y € A\{0} (also
see [8]). Condition (1,) implies that biorm(JA|*) = 0. Condition (2,) is fulfilled (under
an appropriate choice of the vector y € A\{0} and the measure u € 9M,,h > 0) if
A € HI(K; R"), 2g > n —2(see [9, 10]). If 2¢ > n — 1, then condition (1,) is fulfilled
as well. For the choice of Dirac measure i = § in condition (2,), inequality (4) is valid
whenever

max max

xeR" gesn~2

1
AO_A;dM(I)/o Alx — &y —1e)d§| < 4)

Y lAwlle < )

NeA\{0}:(N.)=0 vl
Moreover, inequality (5) holds under an appropriate choice of the vector y € A\{0} if
Y veas IANIcr < +00 (see [9, 10]).

Denote by L, (K), p > 1, the (weak-L” (K)) space of measurable functions W : K — C
that satisfy the condition

WIS = supt(u({x € K : W(x)| > t}h)'/? < +o0.
>0

For W e L% (K), we also write

WIS, = Tim t(u({x € K 2 V@] > 11)"/7.

In order to prove theorems 0.1 and 0.2, we apply the method suggested by Thomas in
[4]. This method is a key point in the proof of absolute continuity of the spectrum of periodic

3
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elliptic differential operators. A survey of relevant results is contained in [5, 6] in which the
generalized periodic Schrédinger operator

Z (—ii — A,-)Gj, <—ii — A,) +V, x e R", (6)
] 0x; ax;

is also considered (where the A-periodic matrix function (G jl)?,zzl with real entries is
supposed to be symmetric and positive definite). The case of two-dimensional periodic
Schrodinger operators has been studied in a comprehensive way. In particular, for n = 2,
absolute continuity of the spectrum of the Schrodinger operator (1) was proved if the functions
V and |A|* are Ho form bounded with relative Ho form bounds zero (see [11] and also
[12]). The generalized two-dimensional periodic Schrodinger operator (6) was considered in
[11-16] (also see references therein). For n > 3, absolute continuity of the spectrum of the
Schrodinger operator (1) was established by Sobolev (see [17]) for the periodic potentials
V e LP(K),p > n—1and A € C*3([R";R"). These conditions on the potentials V
and A were relaxed in subsequent papers [5, 6, 8, 10, 18, 19]. In [8], for n > 3, it was
supposed that V € L"/ 2(K ), the magnetic potential A satisfies conditions (1,) and (2, ) from

remark 1 (for some y € A\{0}), and |V ") . < C, where C = C(n; A) > 0. The electric

n/2,00

potential V LZL/ 2(K ) (for A = 0) was also considered in [20]. The papers [21, 22] were
addressed to the problem in question for the periodic electric potentials V from the Kato class
(for n = 3) and Morrey class respectively (also for A = 0). If the periodic Schrodinger
operator (1) has the period lattice A = Z", n > 3, and is invariant under the transformation
X1 — —x, then its spectrum is absolutely continuous under the conditions V € L{’O/Cz (R™) and
A€ LfOC(R”; R™), g > n (see[23]). Forn > 3, the generalized periodic Schrodinger operator
(6) was also considered in [23-26].

In this paper we use some results obtained in [8]. Theorem 1.5 from section 1 is a
particular case of theorem 3.1 from [8] which was proved as a consequence of statements
concerning the periodic magnetic Dirac operator (see [27, 28]). Theorem 1.5 allows us to
include the periodic magnetic potential A into the Schrodinger operator (1).

The proof of theorems 0.1 and 0.2 is presented in section 1. Theorems 1.3 and 1.4 stated
in section 1 are proved in section 2.

1. Proof of theorems 0.1 and 0.2

In the following, the scalar product and the norm on the space L?(K) will be written, omitting
the notation L?(K) (unlike other spaces). Since bgorm (|A|*) = 0 (see, e.g., [8]), one can define
a sesquilinear form

. - .0 : .0 .
W(A; k+ixe; v, ¢) =) <<—1§j —Aj+kj— 1zej)1p, <—1§j —Aj+k; +mej)¢)

j=1

with the domain Q(W (A; k +ixe; -, -)) = FII(K) C L?*(K). In theorems 0.1 and 0.2, it is
supposed that bgm (|V]) < 1, therefore there exist numbers ¢ € (0, 1) and C, > 0 such that

the inequality
f VI 16 dr <

holds for all ¢ € H'(R").

2
+Cellp 2, )
L2(R")

X/

4
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For n = 4, it is assumed that b,,(V) < 1. Hence, for some numbers ¢ € (0, 1) and
C, > 0, the following inequality is valid for all ¢ € H2(R*):

/ AVPIOR dr < 2 Bop e+ C2I e ®)
R

Inequality (8) and the interpolation of operators (see [7]) imply inequality (7) for n = 4 (with
the same numbers ¢ and C,).
From (7) it follows that the inequality

. 3
VI l¢Pdx <e <k~ —i—)
/I‘( ; / 8xj
is fulfilled for all k € R" and all ¢ € H Y(K). Therefore,
W(A, Vi k+ixe; ¥, ) = W(A; k +ixe; ¥, @) +/ Ve dx, v, ¢ € ﬁl(K)
K

2
+Cello|? 9)

is a closed sectorial sesquilinear form generating an m-sectorial operator H (Ask+ixe)+V
(with the domain D(H (A; k +ixe) + V) ¢ H'(K) C L*(K) independent of the complex
vector k +ixe € C"). The operators H (A; k) + V (for x = 0) are self-adjoint and have a
compact resolvent. This implies that they have a discrete spectrum. For fixed vectors k € R"
and e € S"~!, the operators H (Ask+¢e)+V,¢ € C, form a self-adjoint analytic family of
type (B) [29].

Let us denote

o YA Y
Ho(k +1]{€) = ]; (—IE +k] +1)f€j> y
D(ﬁg(k +ixe)) = H*(K) C L2(K). For n = 4, from (8) it follows that V¢ € L*(K) for all
¢ € H?(K) and the estimate

IVeII> < &2l Ho(k)plI> + CZligp 1> (10)
holds for all k € R* and all ¢ € H*(K).
The operator H (A, V) is unitarily equivalent to the direct integral

® dk

/ (HA )+ V) o,

27K Qm)"v(K*)
where K* is the fundamental domain of the lattice A*. The unitary equivalence is established
via the Gel fand transformation (see [2, 5]). Let A;(k), j € N, be the eigenvalues of the
operators H (Ask) + V,k € R". We assume that they are arranged in an increasing order
(counting multiplicities). To prove absolute continuity of the spectrum of the operator
H(A, V), it suffices to find a vector e € §"!' such that for all k € R" the functions
R >& — Xj(k+&e),j € N, are not constant on every interval (§;,6) C R, & < &
(see [2, 4]). If there exist a vector k € R", a number A € R and an index j € N such that the
equality A;(k + &e) = A is fulfilled for all § € (&1, &), &1 < &, then the analytic Fredholm
theorem implies that the number A is an eigenvalue of the operators H(A k+ ge) + V forall
¢ € C. In theorems 1.1 and 1.2, for a given vector y € A\{0} it is proved that the operators
H (A; k +ix|y|~'y) + V — A are invertible for all numbers A € R, all vectors k € R" with
|(k, v)| = m, and all sufficiently large numbers » > 0 (dependent on y, A, V, and A € R).
Therefore, theorems 0.1 and 0.2 follow from theorems 1.1 and 1.2 respectively.

Fix a vector y € A\{0}; e = |y|~'y € §"7'. For vectors x € R", we write
xp = (x,e)e,x; = x — (x,e)e. Forall N € A*,k € R" and » > 0, introduce the
notation

G = G (k +ixe) = (|ky + 2 Ny |* + (¢ £ |k + 27 N )P 2.
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In what follows, we choose the vectors k € R" with |(k, y)| = 7. Hence, the following
estimates are true: Gy = w|y|™', Gy = %, G} > |k +2xN| and GGy > 27|y|~'». The
equality

Ho(k +ixe)p = Y (k+27N +ixe) gy e N, $ € HX(K),

NeA*

holds, where |(k + 2N + ixe)?| = GyGy. Denote by % = ZO(k +ixe),0 € R, the
non-negative operators acting on L?(K):

HY(K) if 6>0,

F + ~—\0 2mi(N,x) TOy _
L¢—Z(GNGN)¢NG ) ¢GD(L)_{L2(K) if 6<0.

NeA*

For the operator L = L', one has ||L¢|| = || Ho(k +ixe)¢|l, ¢ € D(L) = H*(K).

Theorem 1.1. Let n = 3. Suppose that the periodic magnetic potential A : R® — R3
with a period lattice A C R® belongs to the space H (K; R ) for some q > 1. Then there
are numbers C®¥(A) € (0, 1), C; = C1(A) > 0 and a vector y € A\{0}(e = |y|™ 1)/) such
that for any A-periodic electric potential V : R* — R for which the function |V | is Ho -form
bounded and by (|V]) < CP(A), and for any A € R there exists a number »xy > 0 such
that for all x > xy, all vectors k € R? with |(k, y)| = 7, and all functions ¢ € ﬁl(K) the
inequality

sup IW(A, V — & k +ixe; ¥, ¢)| = C 1Lk +ixe)o| (11)
yeH (K):| L2 (k+ixe) || <1

holds.

Theorem 1.2. Let n = 4. Suppose that the periodic magnetic potential A : R* — R* with
a period lattice A C R* belongs to the space H(K;RY for some q > 3/2. Then there
exist numbers C®(A) € (0,1),C, = C1(A) > 0 and a vector y € A\{0}(e = |y|™'y)
such that for any A-periodic electric potential V' : R* — R which is bounded with respect
to the operator Ho and satisfies the condition by, (V) < C @(A), and for any A € R there
is a number xy > 0 such that for all x > xg, all vectors k € R* with |k, y)| = m, and all
functions ¢ € H'(K) inequality (11) holds.

Theorems 1.1 and 1.2 are proved at the end of this section. They are the consequences of
theorems 1.3 and 1.4 respectively, and theorem 1.5.

Theorem 1.3. Let n = 3 and let W : R® — R be a periodic function with a period lattice
A C R3. Suppose that the function |W)| is ?Io-form bounded, y € A\{0} (and e = |y|~'y).
Then for any 8 > O, there is a number xo > 0 such that for all x = xo, all vectors k € R? with
|(k, y)| = 7, and all functions ¢ € H'(K) the inequality

/ W1 - 1817 dx < C'(8 + brom (WD) L (k +ixe)g | (12)
K
is fulfilled, where C’' > 0 is a universal constant.

Remark 2. For n = 3, theorem 1.2 from [8] is a consequence of theorem 1.3. Forn > 3,
in theorem 1.2 from [8], it is proved that there exist numbers C=C (n) > 0 such that for
any A-periodic function W : R" — R which belongs to the space L’ (K), and any vector
y € A\{0} there is a number », > 0 such that for all x > g, all vectors k € R" with
|(k, v)| = 7, and all functions ¢ € H! (K) the following inequality is valid:

Wl < CIWI LY (k +ixe)].
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Theorem 1.4. Letn = 4 and let W : R* — R be a periodic function with a period lattice
A C R*. Suppose that the function W is bounded with respect to the operator ﬁo, y € A\{0}
(and e = |y|~'y). Then for any § > 0, there is a number xy > 0 such that for all x > xq, all
vectors k € R* with |(k, y)| = 7, and all functions ¢ € ﬁz(K) the inequality

W@l < C” (8 + bop(W)) || Ho(k +ixe)g| 13)

holds, where C" > 0 is a universal constant.

Remark 3. Under the conditions of theorem 1.4 (for all x > x, and all vectors k € R* with
|(k, y)| = m) estimate (13) also implies the estimate

/ W] - 1> dx < C"(8 + boy V)L (k +ixe)g |, ¢ € H'(K). (14)
K

Indeed, from (13) it follows that
IWL™'y || < €8 +bopy OV 1%, ¥ € L*(K).

The same estimate is true for the adjoint operator (WZ‘l)*. Hence, using the interpolation of
operators (see, e.g., [7]), for all 6 € [0, 1], we derive

I WL || < C(8 + bop W) 1Y, v € HY (K). (15)

By continuity, the last inequality extends to all functions ¥ € L*(K). Choosing # = 1/2 in
(15) and taking ¥ = L'/%¢, we get estimate (14).

Theorem 1.5. Letn > 3 and let A : R" — R" be a periodic magnetic potential with a
period lattice A C R". Suppose that A € ﬁq(K; R™),2q > n — 1. Then, there exist a vector
vy € A\{0} (e = |y|™'y) and numbers C, = Ca(n, A, |y|; A) > 0 and »xy > O such that for
all x > »y, all vectors k € R" with |(k, y)| = =, and all functions ¢ € ﬁl(K) the inequality

sup \W(A; k +ixe; ¥, ¢)| = Co||[L"?(k +ixe)o| (16)
1//6171‘(K):\\Zl/z(k+ixe)w||<1

holds.

Theorem 1.5 is proved in [8] for more general classes of periodic magnetic potentials. In
theorem 1.3 from [8], for n > 3 and for A-periodic magnetic potentials A € A, (n, A),y €
A\{0}, it is proved that there exist numbers C, = Cy(n, A, |y|; A) > 0 and »y > 0 such
that inequality (16) is fulfilled for all % > g, all vectors k € R" with |(k, y)| = 7, and all
functions ¢ € ﬁl(K). If A e FIQ(K; R"),2q > n — 1 (n > 3), then one can find a vector
y € A\{0} such that A € A, (n, A) (see [8-10]). Therefore, theorem 1.5 is a consequence of
theorem 1.3 from [8].

Proof of theorems 1.1 and 1.2. Given the magnetic potential A € H4 (K;R",2g >n—1,
in accordance with theorem 1.5 we choose a vector y € A\{0} and a number C,, such
that estimate (16) holds for all sufficiently large numbers » > x, all vectors k € R" with
|(k, y)| = m, and all functions ¢ € ﬁl(K). If n = 3, then bgoy (|V — A|) = biorm (] V]) for all
A € R. Hence theorem 1.3 (estimate (12)) implies that for any § > 0 and for all sufficiently
large numbers x» > x, the following inequality is valid:

f [V =il 18] dx < C'G+brom(IVIDIL' P9I, ¢ € H'(K).
K
The polarization identity gives

< C' (S +bom(IVIDIL 2y || - I, V.o e H(K).  (17)

‘f(v MV dx
K
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Let C; = 1Cp, C®(A) = C,(4C")~". Then, taking any number § € (0, C®(A)], from (16)
and (17) we derive estimate (11). If n = 4, then by, (V — 1) = by, (V) forall A € R. Therefore,
from theorem 1.5, remark 3 and the polarization identity, for any § > 0 and for all sufficiently
large numbers x > x,, we get

‘ / (V = 0¥dx| < C"(6 +bop(VIIL 2y || - 1L, V. ¢ € H'(K).

K

Let C; = 1C,, CW(A) = C,(4C")~", and let us choose any number § € (0, C¥)(A)]. Now,
theorem 1.2 immediately follows from the last estimate and estimate (16). U

2. Proof of theorems 1.3 and 1.4

First we introduce notation and prove some statements which will be used in the following.
Let  be a non-negative function from the Schwartz space S(R") such that fRn Qx)dx =

1. Denote

Q,g(x)iﬂ_”§2<%>, xeR", B>0;

C = —N).

pa(@) = max y  Qp(x = N)
NeA

Given a function ¢ € L*(K) and a set M C A*, we define the function

(PM(X) - Z b eZni(N.x)’ x e R™:
NeM

d™ = ¢,¢” = 0 (the notation ¢ will be used when either a set M or its complement
A*\ M is finite).

Fix a vector y € A\{0}; e = |y|"'y.

If n = 3, we set &€ = & + bgorm (|WV]). Then, for some number C, > 0, estimate (7) holds.
Consequently estimate (9) holds for all k € R* as well.

If n =4, we set ¢ = § + by (W). Then estimate (8) is also fulfilled for some number
C. > 0. Consequently, for all k R*, estimate (10) is valid as well.

Let us pick a number @ > 0 such that C, < ea® (for both n = 3 and n = 4) and
a > 4 diam K*, where diam K™ is a diameter of the fundamental domain K*.

We assume that »y > 2a (and % > xp). A few additional lower bounds on the number
will be given below. For the vectors k € R", we suppose that |(k, y)| = 7.

Let

K=Kk;x»x) = {NGA*:GN< g}, Ko =Kalk;2) ={N € A*: Gy <a} K.
If N € K, then |k, +2n N, | > x/2. Let N(K,) be the number of vectors N in the set /C,.
Since a > 4w diam K*, we have a + 2 diam K* < 3a/2 < 3 /4 and consequently

N(Ko) < cov "MK a?*x""% = cou(K)a’»" 2,
where ¢y = co(n) > 0.

For vectors y € R" with y, # 0, we write
Vi

T(y) = — e §" 2
lyel 7
Denote
S;7200) ={y €R": (y,e) =0and |y, | = x},
and choose vectors y/) € S;}’z (%), j =1,...,J, such that the following two conditions are
fulfilled:

8
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(1) |yYD — yW@)| > ¢ for different indices j; and j»;
(2) for any vector y € §77%(x), there exists a vector y/) such that |y — y| < a.

Fora <d<2xandy e S;‘z(){), denote by N (@; y) the number of vectors y/) satisfying
the inequality |y — y)| < @.
We shall use (without proof) the following simple lemma.

Lemma 2.1. There are constants ¢; = c¢1(n) > 0 and c; = c2(n) > c¢;1(n) such that for all
a € [a,2x] and all vectors y € S;’Z(x) the estimates

a« n—2 (7 n—2
q(—) <N@; y) < 02<—)
a a

In particular, from lemma 2.1 it follows that

hold.

3¢ n—2
J< <_) . (18)
a
Define the sets
AV =N € K\, : ek +2nN) =y < Gyl j=1,....J.

For any N € K\IC,, one has G}, > a. Therefore, by the choice of the vectors yu ) e S}”,’2 (2),
we deduce that

J
K\K, = | ] AY.
j=1
If N € AY, then

|k +27N) — y PP = |(kp + 27 N1) — yP)2 + [k + 2 Ny |
<28k + 2 N) — y P2 +2|(k + 27 Ny) — 5e(k + 2 N) > + [ky + 2 Ny |?

< 2|xe(k +2nN) — y D2 +2(Gy)?* < 4(Gy)* (19)
For vectors N € K\K, we shall use the short notation Ny = N(G; xe(k + 2z N)) for
the number of indices j € {1, ..., J} such that N € AY). The next estimate follows from
lemma 2.1:
G- n—2
Ny = Cl<_N) . (20)
a

Define the functions
¢V = > Ny'gy e M0, j=1.
NeAW

‘We have
J

pE\e =30,

j=1
Now, let n = 3. By (19), for all N € AV we derive
el(k +27N) — yV P + Ce < 4e(Gy)* +ea* < 5e(Gy)*.
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Hence, from (9) (forall j =1, ..., J), it follows that
[ 110 Pdx <u®) Y Celtks 2mm) = 3O 4 ol
K
NeAW

<Sev(K) Y N2 (G lgwl.
NeAW)
The last inequality and estimates (18) and (20) imply that

[ e < JZ/ W 0O ds < Se00K) Y Y NG lon

j=1 NeAw)
=5eJu(K) Y Ny'(GPIgnP < 10eZov(K) Y Gylowl
ci
NeK\K, NeK\K,
108—1)(K) > GiGylewl® = 108 ||L1/2(k+1xe)¢lc\’<"||2 Q1)
Nek\K,
The function |W] is Ho form bounded. In particular, this means that W € LloC (R*). For
the functions
W % Qp)(x) = / WO»)Qs(x — y)dy, xeR B>0,
]R3
one has
W 5 gl oo sy < Cp, a (COIWII L1 (k) (22)
and
”W — W % Q[‘S”LI(K) — 0
as B — +0. Let us pick a number g > 0 such that
|V|
— Cod ||W W*Qﬁ”Ll(]() (23)
We assume that the following constraint on the number x is fulfilled:
Iyl
L Con @ Wl < exo. (24)
Since
| | _
¢ 1? < 5w HILY 2k + i)™ I,
16" 17 o) SN (KD D Igwl?
NekK,
< W paruiy Y GiGylgnl = D oI T2+ i) P,
2 2
NeK,
using (22), (23) and (24), (for x > ;) we obtain
/ IWI- 19" dx < IW =Wk Qll 1o 105 17 o) + IV * Qgll ey 167112
< el|LV2(k +ixe)p ™ |2 (25)
If N e A*\K, then G, > %|k + 27 N| and consequently
GyGy > tlk+27 N (26)
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Suppose that the next constraint on the number j is also true:

"" Y, < 2en. 27)

Then (for »x > %0)
/|W| 6" VP dx oK) Y (elk+2n N[+ Co)lgwl
NeA*\K

<dsv(K) Y GiGylgwl® = 4e| L' (k +ixe)p V|7, (28)
NeA*\K

Since € = § + borm (|WV]) and
¢ = ¢t + ¢V 4 N ¢ € H'(K),

inequality (12) follows from (21), (25) and (28). This completes the proof of theorem 1.3.
Now, letn = 4. Using the inequality C, < ga?, from (19) forall N € AV, j=1...,J,
we obtain

&2k +27N) — yP|* + C? < 166%(Gy)* + e%a* < 176%(Gy)*.
Hence, by (10),
| EBR < vy 3 @ik 27Ny =51 o)

NeAW

<17e%0(K) Y NGy 1ol

NeAW)

By analogy with (21) (also see (18) and (20)), we get
J
/ WP Ve 2 dx < I Z/ WP g dx
K — Jk
j=1

J
<172I0K) Y Y NG o = 176200(K) Y Ny (Gt gl

j=1 NeAWD NeK\K,
< 687 ZxPu(K) Y (G lewl < 6867 v(K) Y (GRGY lowl
NeK\K, Nek\K,
= 68822 1T (k + iee) Ve |2, (29)
(&)

Since the function J is bounded with respect to the operator Hy, we have W & L2 (RY C
(R4) As above (see (22)), for the functions W x Qg, B > 0, we derive the inequality

loc
W Qpll oty < Cp, a(CONWIIL1 (k) (30)
Moreover,
W =W % Qglli2xy — 0
as B — +0. Let us pick a number 8 > 0 such that

ly|?
P cod®IW =W Qg ) < &% 31)

11
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The number x is supposed to satisfy inequality (24). The following estimates are valid:

Ka <m
llg™ < >

16"17 ey SN (KD D Igwl?

Nek,

vI\> N2, 2 A Ka 12

<<§ coa®v(K) D (GRGy) Igwl = ( 5 ) coa® IL(k +ixe)p .
Nek,

Therefore, using (24), (30) and (31), for » > x(, we obtain

%Lk +ixe)g™e|,

fK IWP19% 12 dx < 21D = W s Qpl1 7210 19" 17 ety + 2IWV % Q117 o 16" 112

< 2Lk +ixe)e ™|, (32)

Finally suppose that the number x also satisfies inequality (27). Then estimates (10) and
(26) yield

[ R R <o) Y (Rlk 2m NI+ )l

NeA*\K
< 106%v(K) Z (G;G;)2|¢N|2 = 1062 L(k +ixe)p 2 \C)2. (33)
NeA*\K
Since & = 8 + bop (JW|) and
¢ = ¢t + ¢V 4 gV ¢ € H*(K),

theorem 1.4 immediately follows from (29), (32) and (33).
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